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Isogeny classes and endomorphism algebras
of abelian varieties over finite fields

Yu. G. Zarhin

Abstract. We construct nonisogenous simple ordinary abelian varieties
over an algebraic closure of a finite field with isomorphic endomorphism
algebras.
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§ 1. Introduction

1.1. If K is a number field, then we write C1(K) for the (finite commutative) ideal
class group of K, cl(K) for the class number of K (i.e., the cardinality of CI(K))
and exp(K) for the exponent of CI(K). Clearly, exp(K) divides cl(K). (The
equality holds if and only if C1(K) is cyclic, which is not always the case, see [1],
Tables.) In addition, exp(K) is odd if and only if cl(K) is odd. We write O for
the ring of integers in K and Ug for the group of wunits, i.e., the multiplicative
group of invertible elements in Ok . As usual, an element of Ug is called a unit
in K or a K-unit. It is well known (and can be easily checked) that if a unit v in K
is a square in K, then it is also a square in Ug.

Let p be a prime and ¢ a positive integer that is a power of p. We write IF), for
the p-element finite field and F, for its g-element overfield. As usual, F,, denotes
an algebraic closure of F,, which is also an algebraic closure of F,. We have

F, C F, CF,.

If X is an abelian variety over F,, then we write End’(X) for its endomorphism
algebra End(X) ® Q, which is a finite-dimensional semisimple algebra over the
field Q of rational numbers. If X is defined over k = F,, then we write Endy(X)
for its ring of k-endomorphisms and End} (X) for the Q-algebra Endy(X) ® Q; one
may view End)(X) as the Q-subalgebra of End’(X) with the same 1.

It is well known that isogenous abelian varieties have isomorphic endomor-
phism algebras and the same dimension (and p-adic Newton polygon). In addition,
an abelian variety is simple if and only if its endomorphism algebra is a division
algebra over Q. It is also known (Grothendieck-Tate) that End’(X) uniquely deter-
mines the dimension of X [2]. Namely, 2dim(X) is the maximal Q-dimension of
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a semisimple commutative Q-subalgebra of Enilo(X ). However, it turns out that

there are nonisogenous abelian varieties over F, with isomorphic endomorphism
algebras.

The aim of this note is to provide explicit examples of such varieties.
Let me start with a classical result of M. Deuring about elliptic curves [3], [4],
Chapter 4.

Proposition 1.2. Let K be an imaginary quadratic field.
(i) Let p be a prime and E an elliptic curve over F, such that End"(E) is
isomorphic to K.
Then p splits in K and E is ordinary.
(ii) Let p be a prime that splits in K.
Then all the elliptic curves E over F, with End’(E) = K are mutually
150gENOUS.

I did not find in the literature the following assertion that complements Propo-
sition 1.2.

Proposition 1.3. Let K be an imaginary quadratic field and p a prime that splits
in K. Let us put ¢ = p=PE)

Then there exists an elliptic curve E that is defined with all its endomorphisms
over F, and such that End’(E) = K.

Remark 1.4. One may deduce from ([5], Satz 3, [6], § 6, Corollary 1, p.507) that if
we put g1 = p?%) then there exists an elliptic curve E that is defined with all its
endomorphisms over F,, and such that End(F) 2 O (and therefore End’(E) = K).

The next result is an analogue of Proposition 1.2 for abelian surfaces and quartic
fields.

Proposition 1.5. Let K be a CM quartic field that is a cyclic extension of Q.

(i) Let p be a prime and Y an abelian surface over ¥, such that End’(Y) is
isomorphic to K.
Then p splits completely in K and Y is simple ordinary.

(ii) Let p be a prime that splits completely in K.
Then all the abelian surfaces Y over F, with End’(Y) = K are mutually
isogenous. In addition, there exists such an Y that is defined with all its
endomorphisms over Fpzc where ¢ = exp(K).

Our main result is the following assertion.

Theorem 1.6. Let n be a positive integer and K be a CM field that is a cyclic
degree 2™ extension of Q. Let Kg be the only degree 21 subfield of K, which is
the mazimal totally real subfield of K. Let us put ¢ = exp(K).

(i) Let p be a prime and A an abelian variety over F, such that End’(A) is
isomorphic to K.

Then p splits completely in K and A is an ordinary simple abelian variety of
dimension 2" 1.

(ii) Let p be a prime that splits completely in K. Let us put ¢ = p°.

(1) There are precisely 92" ' -n isogeny classes of abelian varieties A over F,
whose endomorphism algebra End®(A) is isomorphic to K.
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(2) Each of these isogeny classes contains an abelian variety that is defined
with all its endomorphisms over Fye.

(3) Assume additionally that every totally positive unit in Ko is a square
m K().
Then each of these isogeny classes contains an abelian variety that is
defined with all its endomorphisms over F,.

Remark 1.7. (a) If n = 1, then K is an imaginary quadratic field and therefore
Ky = Q and Ug = {£1}. The only (totally) positive unit in Q is 1, which is
obviously a square in Q. Hence, Propositions 1.2 and 1.3 are the special cases of
Theorem 1.6 with n = 1. On the other hand, Proposition 1.5 follows readily from
the special case of Theorem 1.6 with n = 2.

(b) If » > 3, then the number 22" =1 of the corresponding isogeny classes
is strictly greater than 1. This gives us examples of nonisogenous abelian vari-
eties over F,,, whose endomorphism algebras are isomorphic to K and therefore are
mutually isomorphic.

(¢) Now let n be an arbitrary positive integer. By Chebotarev’s density theorem,
the set of primes that split completely in K is infinite (and even has a positive
density 1/2™).

Corollary 1.8. Let r be a Fermat prime (e.g., v = 3,5,17,257,65537). Let p be
a prime that is congruent to 1 modulo r. Let us put

) o(r=1)/2
isg(r) = CEEE (1)

Then there are precisely isg(r) isogeny classes of simple ((r — 1)/2)-dimensional
ordinary abelian varieties A over Fy,, whose endomorphism algebra

End’(A) = End(4) ® Q

is isomorphic to the rth cyclotomic field Q(¢,.). In addition, if ¢ = exp(Q((.)) and
q = p°, then each of these isogeny classes contains an abelian variety that is defined
with all its endomorphisms over Fy.

Remark 1.9. The congruence condition on p means that p splits completely in Q(¢,.).
There are infinitely many such p thanks to Dirichlet’s theorem on primes in an arith-
metic progression. More precisely, the set of such primes has density 1/(r — 1).

Remark 1.10. Tt is well known that the property of being simple (respectively, ordi-
nary) is invariant under isogenies.

Remark 1.11. Let r be a Fermat prime. Clearly, isg(r) = 1 if and only if r < 5.

Let p be a prime that is congruent to 1 mod r. It follows from Theorem 1.6
that » < 5 if and only if there is a precisely one isogeny class of simple ordinary
((r — 1)/2)-dimensional abelelian varieties over F,,, whose endomorphiam algebra
is isomorphic to Q({.). In other words, all such abelian varieties are mutually
isogenous over F,, if and only if r € {3,5}.

Example 1.12. (i) Take r = 3. We have isg(3) = 1. It follows from Remark 1.11
that if p = 1 mod 3, then all ordinary elliptic curves over I, with endomorphism
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algebra Q((3) are isogenous. (This assertion seems to be well known.) This implies
that each such elliptic curve is isogenous over F, to y* = 2% — 1.

(ii) Take r = 5. We have isg(5) = 1. It follows from Remark 1.11 that if
p = 1 mod 5, then all abelian varieties over Fp with endomorphism algebra Q({5)
are two-dimensional simple ordinary and mutually isogenous. This implies that each
such abelian variety is isogenous to the jacobian of the genus 2 curve y? = 2° — 1.

Example 1.13. Let us take r = 17. Then cl(Q(¢17)) = 1 [7]. Let us choose
a prime p that is congruent to 1 modulo 17 (e.g., p = 103). We have

8

2
isg(17) = 6= 16.

By Theorem 1.6, there are precisely 16 isogeny classes of simple ordinary 1—26 =
8-dimensional abelian varieties over F, with endomorphism algebras Q(¢17). In
addition, each of these isogeny classes contains an abelian eightfold that is defined
with all its endomorphisms over F,,.

This implies that there exist sixteen 8-dimensional ordinary simple abelian vari-
eties Ai, ..., Ajg over F,, that are mutually non-isogenous but each endomorphism

algebra End®(4;) is isomorphic to Q(¢17) (for all 4 with 1 < i < 16). In particular,
End’(4;) =2 End"(4;) Vi,j, 1<i<j<16.

In addition, each A; and all its endomorphisms are defined over IF,. This gives
an answer to a question of L. Watson [§].

The following assertion is a natural generalization of Corollary 1.8.

Corollary 1.14. Let r be an odd prime and r — 1 = 2™ - m where n is a positive
integer and m is a positive odd integer. Let H be the only order m subgroup of the
cyclic Galois group

Gal(Q(¢r)/Q) = (Z/rZ)*

of order r— 1. Let
K=K .=Q( )" (2)

be the subfield of H-invariants in Q((,).

Then

(0) K s a CM field that is a cyclic degree 2™ extension of Q. In addition,
a prime p splits completely in K if and only if p # r and pmod r is
a 2" th power in F,..

(i) Let p be a prime and A an abelian variety over F, such that End®(A) is
isomorphic to K.
Then p splits completely in K" and A is an ordinary simple abelian variety
of dimension 271,

(ii) Let p be a prime that splits completely in K and let ¢ = p°¢, where ¢ =
exp(K (™).
Then there are precisely 22" isogeny classes of abelian varieties A
over Fp, whose endomorphism algebra EndO(A) is isomorphic to K. In

—n
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addition, each of these isogeny classes contains an abelian variety that is
defined with all its endomorphisms over F,.

Remark 1.15. Let K = K. Tt is well known that r is totally ramified in Q(¢,) and
therefore in its subfield K as well. This implies that if K is the only degree 27!
subfield of K, which is the maximal totally real subfield of K, then the quadratic
extension K/Kj is ramified. On the other hand, it is known ([9], § 38, [10], § 13,
pp. 77, 78) that cl(K (")) is odd (and therefore ¢ = exp(K (") is also odd). It follows
from [9], § 37, Satz 42 (see also [10], Corollary 13.10, p.76) that K has units with
independent signs (there are units of K of every possible signature), which implies
(thanks to [10], Lemma 12.2, p.55) that every totally positive unit in Ky is a square
in Ko and therefore is a square in Ug,.

Example 1.16. Let us fix an integer n > 2. Here is a construction of infinitely
many mutually nonisomorphic CM fields that are cyclic degree 2" extensions of Q.
Let us consider the infinite (thanks to Dirichlet’s theorem) set of primes r that are
congruent to 14 2" modulo 2"+!. Then r — 1 = 2" - m, where m is an odd positive
integer. In light of Corollary 1.14, the corresponding subfield K (") of Q(¢,) defined
by (2) enjoys the desired properties. Since K" is a subfield of Q((,), the field
extension K (") /Q is ramified precisely at 7. This implies that the fields K (") are
mutually nonisomorphic (and even linearly disjoint) for distinct r.

The paper is organized as follows. In §2 we review basic results about maxi-
mal ideals of Ok. In §3 we concentrate on the so called ordinary Weil’s g-num-
bers in K. In §4 we discuss simple abelian varieties over IF;, whose Weil’s numbers
lie in K. In §5 we discuss some basic facts of Honda—Tate theory (see [11]-[13]).
The main results will be proved in § 6.

In what follows, we will freely use the following elementary well-known observa-
tion. Any Q-subalgebra with 1 of a number field K is actually a subfield of K in
particular, it is also a number field. For example, if u is an element of K, then the
subfield Q(u) generated by u coincides with the Q-subalgebra Q[u] generated by u.

§ 2. Preliminaries

2.1. We keep the notation and assumptions of § 1.1 and Theorem 1.6. As usual,
Q, R, C stand for the fields of rational, real and complex numbers and Q for the
(algebraically closed) subfield of all algebraic numbers in C. We write Z (respec-
tively, Z ) for the ring of integers (respectively, for the additive semigroup of non-
negative integers). If T is a finite set, then we write #(7T') for the number of its
elements.

Recall (see [12], [13]) that an algebraic integer m € Q is called a Weil’s g-number
if all its Galois-conjugates have the archimedean absolute value /q.

Throughout this paper, n is a positive integer and K is a CM field that is
a degree 2" cyclic extension of Q. We view K as a subfield of C; in particular, K
is a subfield of Q that is stable under the complex conjugation. We denote by

pr K - K
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the restriction of the complex conjugation to K; one may view p as an element of
order 2 in the Galois group

G := Gal(K/Q),
where G is a cyclic group of order 2™.

Remark 2.2. Let m € K C C.
e Suppose that 7 is a Weil’s g-number. Then 7 is a algebraic integer, i.e.,
m € Ok. Since the absolute value of 7 is the square root of g, we have
™ p(m) =q.
e Conversely, suppose that m € Ok (i.e., 7 is an algebraic integer) and

m-p(m) =q. (3)

Since K/Q is Galois, all the Galois-conjugates of 7 also lie in Ok and con-
stitute the orbit
Grn={o(n)| o e G}

of G. Since G is commutative and contains p, it follows from (3) that for all
ceG
o(m) - plo(m)) = a(m) - o(p(r)) = o(m - p(m)) = o(q) = ¢

It follows readily that m € K is a Weil’s g-number if and only if m € Ok
and (3) holds.

We write W(q, K) for the set of Weil’s g-numbers in K and ug for the (finite
cyclic) multiplicative group of roots of unity in K. Clearly, W(q, K) is a finite G-
stable subset of Og, which is also stable under multiplication by elements
of px. The latter gives rise to the free action of pux on W(q, K) defined by

pr x W(g, K) — W(q, K), G (m V(e px, meW(gK).

Remark 2.3. Tt is well known (and follows easily from a theorem of Kronecker [14],
Chapter IV, § 4, Theorem 8) that m1,m € W(q, K) lie in the same pg-orbit (i.e.,
mo/m1 is a root of unity) if and only if the ideals 71Ok and m Ok of Ok coincide.

Recall (§ 2.1) that K is a subfield of the field C of complex numbers that is
stable under the complex conjugation. Then

Ko := KNR
is a (maximal) totally real number (sub)field, whose degree [Kj : Q] is

[K:Q] 2" _
2 2

on—l,

2.4. Recall that the Galois group G = Gal(K/Q) is a cyclic group of order 2.
Hence, it has precisely one element of order 2 and therefore this element must
coincide with the complex conjugation

p: K — K.
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The properties of G imply that every nontrivial subgroup H of G contains p. It
follows that every proper subfield of K is totally real. Indeed, each such subfield is
the subfield K of H-invariants for a certain nontrivial subgroup H of G. Since H
contains p, the subfield K consists of p-invaraiants and therefore is totally real;
in particular,

K" R

2.5. Let ¢ be a prime and S(¢) be the set of maximal ideals P of Ok that divide £.
Since K/Q is a Galois extension, G acts transitively on S(¢). In particular, #(S(¢))
divides #(G) = 2". This implies that if ¢ splits completely in K, i.e.,

#(S(0)) = 2" = #(G),

then the action of G on S(¢) is free.
On the other hand, if a prime ¢ does not split completely in K, i.e.,

#(S(0)) < 2" = #(G),

then the action of G on S(¢) is not free. Let H(¢) be the stabilizer of any P € S(¥¢),
which does not depend on a choice of B, because G is commutative. Then H(¢) is
a nontrivial subgroup of G and therefore contains p, i.e.,

p(P) =% VPeSO)

if £ does not split completely in K.
Let e(¢) be the ramification index in K/Q of P € S(¢), which does not depend
on B, because K/Q is Galois. We have the equality of ideals

0 =[] . (4)
PES(0)

It follows that K/Q is unramified at ¢ if and only if e(£) = 1. We write
ordp: K* - Z (5)

for the discrete valuation map attached to 3. We have

ordg(f) =e(l) VP e S), (6)
ordp(u) >0 Vue Ogr\{0}, PeSW), (7)
ordg (p(u)) = ord,py(u) Yue K*, PeSL). (8)

2.6. Let p be a prime, j a positive integer, and ¢ = p7.
Let m € Ok be a Weil’s ¢ = p?-number. Let us consider the ideal 7Ok in O.
Then there is a nonnegative integer-valued function

d.: S(p) = Z, P — d(B) := ordg(n) (9)
such that
0k = [[ =P, (10)
BeS(p)

It follows from (3) that
dr(B) + dr (p(P)) = ordyp(q) = j-e(€) VP € S(p). (11)
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Lemma 2.7. Let 7 € O be a Weil’s g = p? -number. If p does not split completely
in K, then 72 /q is a oot of unity.

Proof. Since p does not split completely in K, it follows from arguments of § 2.4
that

p(P) =P VP eSh).
It follows from (11) that

dx) = 142y e s,

in particular, j is even if e(p) = 1 (i. e., if K/Q is unramified at p). This implies that
72/q is a P-adic unit for all P € S(p). On the other hand, it follows from (3)
that 72/q is an f-adic unit for all primes £ # p. It follows from the very definition

of Weil’s numbers that )
a(”> ’ =1 Voed.
4/l

(Here |-|e: C — R, is the standard archimedean value on C.) Now it follows
from a classical theorem of Kronecker [14], Chapter IV, § 4, Theorem 8, that 72/q
is a root of unity. O

Lemma 2.8. Suppose that a prime p completely splits in K. (In particular, K/Q
is unramified at p.) Let 7 € Ok be a Weil’s ¢ = p’ -number.
Then either Q(1) = K or j is even and ™ = +p//? .

Proof. So, K/Q is unramified at p, i.e., e(p) = 1 and

pOx = H B. (12)
BeS(p)
This implies that
Ok = [[ ¥ (13)
PES(p)

Since p splits completely in K, the group G acts freely on S(p), in light of § 2.5.
In particular,

B #p(R) VP eSh). (14)

If the subfield Q(7) of K does not coincide with K, then it is totally real, thanks

to arguments of § 2.4. This implies that p(7) = 7. It follows from (3) that 72 = ¢,

i.e., m = £pi/2. This implies that the ideal O is a square. It follows from (13)

that j is even. (I

2.9. Suppose that a prime p completely splits in K.

Definition 2.10. Let 7 € Ok be a Weil’'s ¢ = p’-number. We say that 7 is
an ordinary Weil’s g-number if the “slope” ordy(«)/ ordg(g) is an integer for all

B € S(p).

It (is well known and) follows from (3), (7) and (8) that if 7 is an ordinary Weil’s
g-number, then
ordg ()

ordss (0) =0 or L (15)
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§ 3. Equivalence classes of ordinary Weil’s g-numbers

Let p be a prime that splits completely in K. Throughout this section, by Weil’s
numbers we mean Weil’s g-numbers where ¢ is a power of p. We write W(q, K) for
the set of Weil’s g-numbers in K. We write ux for the (finite cyclic) multiplicative
group of roots of unity in K.

Definition 3.1. Let g and ¢’ be integers > 1 that are integral powers of p. Let
7w € K (respectively, 7’ € K) be a Weil’s g-number (respectively, Weil’s ¢’-number).
Following Honda [12|, we say that m and «’ are equivalent, if there are positive

/b

¢ is Galois-conjugate to n’".

integers a and b such that 7

Clearly, if w and 7’ are equivalent, then 7 is ordinary if and only if 7’ is ordinary.
In order to classify ordinary Weil’s numbers in K up to equivalence, we introduce
the following notion that is inspired by the notion of CM type for complex abelian
varieties [15] (see also [12], § 1, Theorem 2, and [13], § 5).
Definition 3.2. We call a subset ® C S(p) a p-type if S(p) is a disjoint union of &
and p(®).

Clearly, ® C S(p) is a p-type if and only if the following two conditions hold
(recall that [K : Q] = 2").

(i) #(®) =27,

(i) If P € @, then p(*P) ¢ .

It is also clear that ® C S(p) is a p-type if and only if p(®P) is a p-type.

Let H(p) be the set of nonzero ideals B of Ok such that
B-p(B)=p-Ok.

In light of (12) and (14), an ideal B of Ok lies in H(p) if and only if there exists
a 2" lelement subset ® = ®(B) of H(p) that meets every p-orbit of S(p) at
exactly one place and
3= [ % (16)
Bed(B)
Such a ®(B) is uniquely determined by B € H(p): namely, it coincides with the
set of maximal ideals in Ok that contain 3. This implies that

n—1
#(H(p)) =2 . (17)
Clearly,
D(c(B)) =a(P(B)) Voed. (18)
Lemma 3.3. Let m be a positive integer and w be a Weil’s ¢ = p™-number in K.
Then the following conditions are equivalent:
(i) 7 is ordinary;
(i) there exists an ideal B € H(p) such that

7O =B™; (19)

(iii) the subset
ordgs(m) _

sy ) ®

www={mesw>

18 a p-type.
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If these equivalent conditions hold, then such an ideal B is unique and

D(B) = ¥(m)

Proof. We have

0k = [ B, (21)

BeS(p)

for some d(*P) € Z4 such that

() + d(p(B)) = m, (22)

ordg(m)  d(B)
This implies that
V() :={P € Sp) | d(P) =m} C S(p). (24)

Combining (24) with (22), we obtain that

ordg ()
ordy(q)

p(U(m)) = (B € S(p) | d(P) = 0) = {m € 5(p)

- o} c S (25)

in particular, the subsets ¥(7) and p(¥(7)) do not meet each other. In light of (20)
and (25) combined with (15), 7 is ordinary if and only if S(p) is a disjoint union
of ¥U(m) and p(¥(rw)), i.e., ¥(nm) is a p-type. This proves the equivalence of (i)
and (iii). If (i) and (iii) hold, then it follows from (21) that

0k = H P =B"  where B = H .
P () PP ()

Since ¥(7) is a p-type, B € H(p) and, obviously, ®(5) = ¥(x). This proves that
equivalent (i) and (iii) imply (ii).

Let us assume that (ii) holds. This means that there is B € H(p) that satis-
fies (19). This implies that

B= [ B A0x=3"= ][] P

PeP(B) PED(B)
It follows that
ordgs ()
=1 VP ed(B),
ordyp(q) ¥ (B)
ordgs ()
=0 Vv d(B
ords (q) P ¢ (B)

This implies that 7 is ordinary and therefore (ii) implies (i). So, we have proved
the equivalence of (i), (ii), (iii). The uniqueness of such 9% is obvious. O
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Lemma 3.4. The natural action of G on H(p) is free. In particular, H(p) parti-

tions into a disjoint union of 22" orbits of G, each of which consists of 2"
elements.

Proof. Suppose that there exists % € H(p) such that its stabilizer
Gy ={0c€G|o(*B) =B}

is a nontrivial subgroup. Then Gz must contain p, thanks to the arguments of § 2.4.
This means that p(*8) = B and therefore

p-Ox =B - p(B) = B,

which is not true, since p is unramified in K. The obtained contradiction proves
that the action of G on H(p) is free. Hence, every G-orbit in H(p) consists of
#(G) = 2" elements and the number of such orbits is

#HE) _ 2 e,

Lemma is proved. O

In what follows we define (noncanonically) certain G-equivariant injective maps
Z, 11 and II; from H(p) to K; they will play a crucial role in the classification of
ordinary Weil’s numbers in K up to equivalence.

Corollary 3.5. Let ¢ = exp(K). Then there exists a G-equivariant map
Z:H(p)‘—)OK\{O}COKCK (26)

such that Z(B) is a generator of B for all B € H(p).

Proof. We define Z separately for each G-orbit O C H(p). Pick Bp € O and
choose a generator zp of the principal ideal B%. In light of Lemma 3.4, if B € O,
then there is precisely one o € G such that B = 0(Bp). This implies that

B =0(Bo)¢ =0(By) = 0(20)0k,
i.e., 0(z0) is a generator of B°. It remains to put
Z(B) :=o(z0).
Corollary is proved. O
Theorem 3.6. Let us put

¢ = exp(K), q:=p°.

Let Ky = K* be the mazximal totally real subfield of K.
There exists an injective map

II: H(p) — W(¢% K), B I1(B) (27)

that enjoys the following properties.
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(0) II is G-equivariant, i.e.,
II(c(B)) =o(II(B)) VoG, BeHp).

(i) For all B € H(p) the ideal II(B)Ok coincides with B2°.
(i) The image II(H (p)) consists of ordinary Weil’s ¢*-numbers.

(iii) If « is an ordinary Weil’s p™-number in K, then there exists precisely one
B € H(p) such that the ratio (7')*¢/IL(B)™ is a root of unity.

(iv) Let B1,B5 € H(p). Then Weil’s ¢*-numbers I1(B1) and I1(Bz) are equiva-
lent if and only if B1 and By lie in the same G-orbit.

(v) If h is a positive integer, then the subfield Q(II(B)") of K generated by
I(B)" coincides with K.

(vi) Suppose that every totally positive unit in U, is a square in Ky (and there-
fore in Uk, ). Then there exists a map

o: H(p) = W(g, K)

that enjoys the following properties:
(vi-a) II(B)? = [I(B) for all B;
(vi-b) Iy is G-equivariant “up to sign”, i.e.,

Mo(c(B)) = £o(IIp(B)) Voe G, Be H(p);

(vi-c) if h is a positive integer, then the subfield Q(TIo(B)") of K generated
by TIo(B)" coincides with K ;
(vi-d) TIo(B) is an ordinary Weil’s g-number for all B € H(p).

Proof. Let us choose Z: H(p) — Og \ {0} that enjoys the properties described in
Corollary 3.5. Let B € H(p). In order to define II(*B), notice that

B - p(B) = pOk, B¢ = 20k,

where
z=Z(B) € Ok \ {0}. (28)

Then zp(z) is a generator of the ideal
B p(B) = (B-p(B))" =p° Ok = qOk.

Since p is the complex conjugation, zp(z) is a real (i. e., p-invariant) totally positive
element of Ok. Clearly,

is an invertible element of O that is also p-invariant and totally positive unit
in Ug,. Obviously,

Now let us put
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If u is a square in Kj, then there is a unit ug in Ky such that u = u%. If this is the
case, then let us put

2 2
Iy (B) := uio € Ox and get IIy(B)? = (;O) - % —TI(B). (30
Clearly,
II(B) - O = 2*- Ok = (2 Ok)* = (B°)* = B*, (31)

which proves (i). In order to check that IT1(B) is a Weil’s ¢>-number, notice that

1) p018) =g+ 5 o0 o5 ) =55 A 2

In light of Remark 2.2, this proves that IT(8) is a Weil’s ¢g>-number. It follows
from (30) that if II(*B) is defined, then it is a Weil’s g-number. By construction,

I(B) O = B,

which also implies that II(B) is p>*¢ = ¢*-ordinary Weil’s number. The G-invariance
of Z (see Corollary 3.5) combined with (28) and (29) implies the G-equivari-
ance of II, which proves (0). The injectiveness of II follows from (31). This proves
(i) and (ii).

In order to prove (v), notice that if Q(II(B)") does not coincide with K, then it
consists of p-invariants (§ 2.4). In particular, the ideal II(B)"Ox = B2 coincides
with its complex-conjugate

p(I(B)" Ok ) = p(B*") = p(B)*".

This implies that 8 = p(B), which is not the case, since B € H(p). The obtained
contradiction proves (v).

In order to prove (iii), we need to check that if 7’ is an ordinary Weil’s p”*-number
in K, then it is equivalent to II(B) for some B € H(p). In order to do that, let us
consider the ideal M := 7'Ok in Ok. Since 7’ - p(n’) = p™, we get M - p(M) =
p"Og. It follows that

m=J[ B, AP +dp®) =m YVPeSp.
PeS(p)

The ordinarity of 9t implies that
dfB)=0orm VP eSp).
This implies that if we put
®={PecSp|dP)=m}cSp),

then ® is a p-type and

M = Hmmz(Hm)m.

Ped Ped
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It is also clear that
B:= [[ BeH®D),
Bed
and

(7‘(”)260[{ — ch — %ZCm — (%QC)M _ (H(%)OK)m _ H(%m)oK

It follows from Remark 2.3 that the ratio II(B)™/(n’)?¢ is a root of unity. The
uniqueness follows from the already proved (i).

Let us prove (iv). The already proved (0) tells us that if By = o(B;) for ¢ € G,
then I1(B3) = o(II(B1)) and therefore Weil’s numbers I1(95; ) and II(B2) are equiv-
alent.

Conversely, suppose that II(8;) and II(B3) are equivalent. This means that
there are positive integers a, b, a Galois automorphism ¢ € G, and a root of unity
¢ € px such that

T(B5)" = ¢ - o(I1(B1))".
This implies the equality of the corresponding ideals in Og:
I1(B5) O = o(T1(B1))° O = T(a(B1))".
This means (in light of already proved (i)) that
B = (0(B1))*,

which implies B2 = 0(B1). Hence B; and B lie in the same G-orbit.

Let us prove (vi). Actually, we have already constructed the map IIy: H(p) —
Ok, checked that its image lies in W(q, K); we have also proved property (vi-a).
As for (vi-b), it follows readily from (30) combined with the G-equivariance of II. As
for (vi-c), it follows readily from (v) combined with (30). In order to prove (vi-d),
it suffices to recall that II(8) is an ordinary Weil’s ¢?>-number and notice that in
light of (30), the integer

OI‘dqg(H(%)) _ QOIdQ(HQ(%)) _ Ordqg(Ho(%))
ordsys (¢2) 2ordsy(q) ordgp(q)
Theorem 3.6 is proved. ([l

§ 4. Abelian varieties with Weil’s numbers in K

As above, p is a prime, m a positive integer, and g = p™.

Theorem 4.1. Let A be a simple abelian variety over k = F, such that the corre-
sponding Weil’s q-number
ma € K.

Let Q(ma) be the subfield of K generated by 74 .

(i) Suppose that either Q(wa) # K or p does not split completely in K.

Then A is supersingular.

(ii) If p splits completely in K, Q(ma) = K, and w4 is not ordinary, then the
division Q-algebra End)(A) is not commutative.

(i) If wa is ordinary, then K = Q(wa) and Endg(A) >~ K: in particular,
End)(A) is commutative.
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Proof. (i) Tt follows from Lemmas 2.7 and 2.8 that 7% /q is a root of unity. This
means that A is supersingular.

(i), (iii) Recall (see [11], [13]) that E := End{(A) is a central division algebra
over the field Q(m4) = K. Since p splits completely in K, the P-adic completion
Ky of K coincides with Q,, i.e.,

Ky :Q) =1 P eSp).
By [13], Theorem 1, the local B-adic invariant
invp(E) € Q/Z
of the central division K-algebra F is given by the formula

ordg(ma)
ordy(q)

ordg(ma)

iIlep (E) = Ol"dgp(q)

[Kyp : Qp modZ = mod Z € Q/Z. (32)

All other local invariants of F (outside S(p)) are 0 (ibid).

Suppose that w4 is ordinary. Then Q(w4) = K, because otherwise Q(r4) C R
and therefore w4 is real, i.e., A is supersingular [13|, Examples, which is not the
case. Since m4 is ordinary, all the slopes ordy(ma)/ordy(q) are integers and
therefore invgy(E) = 0 for all b € S(p). This implies that the division algebra
E = Endj(A) is actually a field, i.e., is isomorphic to K. This proves (ii).

In order to prove (ii), assume that 74 is not ordinary. Then there is a maximal
ideal P € S(p) such that the ratio ordy(m4)/ ordyg(q) is not an integer, i.e.,

ordg(ma)

modZ #0 in Q/Z. 33
ordy(q) / (33)
Combining (33) with (32), we obtain that inve (E) # 0. It follows that £ = Endj(A)
does not coincide with its center, i.e., is noncommutative. This proves (ii). O

Remark 4.2. Let A be a simple abelian variety over I, such that 74 € K. Obvi-
ously, A is ordinary if and only if 74 is ordinary.

§ 5. Honda—Tate theory for ordinary abelian varieties

As above, p is a prime that splits completely in K, m a positive integer, and
q=p".

Let m € K be a Weil’s g-number. The Honda—Tate theory (see [11]-[13]) attaches
to m a simple abelian variety A over F, that is defined up to an Fg-isogeny and
enjoys the following properties.

Let Fr4: A — A be the Frobenius endomorphism of A and F' := Q[Fr 4] be the
Q-subalgebra of the division Q-algebra E := End%q (A) (which is actually a sub-
field). Then F is the center of E and there is a field embedding

i: F— C such that i(Frs) =m.
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Lemma 5.1. Suppose 7 is ordinary and Q(z") = K for all positive integers h.
Then A is an absolutely simple 2"~ '-dimensional ordinary abelian variety,
End’(A) = K, and all endomorphisms of A are defined over F,.

Proof. Since Q(7) = K, we get i(F) = K. In particular, number fields K and F

are isomorphic. In light of Theorem 4.1, A is an ordinary abelian variety with

commutative endomorphism algebra £ = F' = K. By Theorem 2 (c) of [11], § 3,
E:Q _[K:Q

dim(A):[ R =2n L

We are going to prove that A is absolutely simple and all its endomorphisms are
defined over F,. Let h be a positive integer and k = F » a degree h field extension
of Fy. Let Ay = A xg, k be the abelian variety over k obtained from A by the
extension of scalars. There is the natural embedding (inclusion) of Q-algebras

Endg (A) C End}(A)
such that the Frobenius endomorphism Fr 4, coincides with Frﬁ\. In particular,

@[FI‘Ak] C Q[FI"A] =F.
In addition,
i(Fra,) = i(Fr"y) = i(Fra)" = 7.

Since Q[r"] = K = Q(r), we get
i(Q[Fra,]) = K = i(Q[Fr4]).

Hence, Q[Fr 4, ] = Q[Fr 4] is a number field of degree 2 dim(.A) = 2dim(.Ax). Apply-
ing again Theorem 2 (c) of [11], § 3, to A, we conclude that

End’(Ax) = Q[Fra,] = Q[Fr4] = Endg,_(A)
for all finite overfields k of F,. This implies that
End’(A) = Endg_(A),

i.e., all the endomorphisms of A are defined over F,. In particular, A is absolutely
simple and End’(A) = K. O

§ 6. Proofs of main results
As above, ¢ = exp(K), a prime p splits completely in K and g = p°.

Proof of Theorem 1.6. Let I1: H(p) — W(q? K) be as in Theorem 3.6. Let
B € H(p) and let II(B) be the corresponding ordinary Weil’s ¢?>-number in K.
In light of Theorem 3.6 (v), Q[II(B)"] = K for all positive integers h. In light
of Lemma 5.1 applied to ¢? and II("B), the Honda-Tate theory [11]-[13] attaches
to II(B) an absolutely simple 2"~ *-dimensional abelian variety A = A(B) over F 2
(that is defined up to an Fz-isogeny) such that End’(A(B)) = K, and all endo-
morphisms of A(B) are defined over F .
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By Theorem 3.6 (iv), if B1,B2 € H(p), then the Weil numbers II(%B;) and
II(B2) are equivalent if and only if B, and B, belong to the same G-orbit. In
light of [11], Theorem 1, [12], p.84, combined with Lemma 3.4, all the A(B) lie
in precisely 92" '-n isogeny classes of aelian varieties over E). We also know that
each of these varieties is ordinary, has dimension 2"~! and their endomorphism
algebras are isomorphic to K.

Now, let us prove that each abelian variety B over F,, whose endomorphism
algebra is isomorphic to K, is isogenous to one of A(B) over F,.

In order to do that, first, notice that since K is a field, B is simple over Fp.
Second, B is defined with all its endomorphisms over a certain finite field k = F j2n
(where h is a certain positive integer), i.e., there is a simple abelian variety B
over k such that

B =B, x;F,  End})(B;)=End"(B) =K.

Applying Theorem 2 (c) of [11], § 3, to By, we get
K = End’(B) = End{(By) = Q[Frz,],

where Frp, is the Frobenius endomorphism of By. This gives us a field isomorphism
Q[Frg,] — K; let us denote by mp, the image of Frp, in K. Clearly, Q(7p,) = K;
according to a classical result of Weil [16], 7g, is a Weil’s ¢?'-number. By Theo-
rem 4.1 (i) (applied to ¢** instead of q), mp, is ordinary, since End}(By) = K is
commutative. It follows from Theorem 3.6 (iii) that there is B € H(p) such that
Weil’s numbers 7, and II(B) are equivalent. This means (thanks to Theorem 1
of [11], see also [12], pp. 83, 84) that absolutely simple abelian varieties By and
A(B) become isogenous over E). It follows that absolutely simple abelian varieties
B = By, xj F, and A(B) are isogenous over F,,.

This proves (i), (ii) (1), and (ii) (2). It remains to prove (ii) (3). It suffices to
check that for each B € H(p) there exists an abelian variety Ay that is defined
over F, with all its endomorphisms and such that A(B) is isogenous to Ay over F,,.

Let IIy: H(p) — W(q, K) be as in Theorem 3.6 (vi) and IIo(B) be the correspond-
ing ordinary Weil’s g-number in K. In light of Theorem 3.6 (vi-c), Q[IIo(8)"] = K
for all positive integers h. In light of Lemma 5.1 applied to ¢ and IIy(B), the
Honda—Tate theory [11]-[13] attaches to Weil’s g-number IIy(B) an absolutely sim-
ple 2"~ 1-dimensional abelian variety Ay over F, (that is defined up to an F-isogeny)
such that End’(A4g) = K, and all endomorphisms of Ay are defined over F,.

Since Iy (B)? = II(B), Weil’s numbers IIy(B) and II(B) are equivalent. As above,
in light of Theorem 1 of [11] (see also [12], pp. 83, 84), the corresponding absolutely
simple abelian varieties Ag and A(B) are isogenous over F,. O

Proof of Corollary 1.14. Recall that r is an odd prime and (. is a primitive rth
root of unity. Clearly, Q(¢,) is a CM field. Hence, its subfield K is either CM or
totally real. Since H has odd order m, it does not contain the complex conjugation
p: Q) = Q(¢ ), because p has order 2. Hence, p acts nontrivially on K =
Q(¢)® = K, which implies that K is a CM field. (See also [10], p. 78.) Its
degree

Q) :Q] _ m-2"

#H)  om

We also know (Remark 1.15) that every totally positive unit in Kj is a square in Kjy.

[K:Q] = = 2",
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Clearly, K/Q is ramified at r and unramified at every prime p # r. Let us find
which p # r split completely in K. Let

fr € Gal(Q(¢r)/Q) = (Z/rZ)"

be the Frobenius element attached to p, which is characterized by the property

fo(Gr) = CF.

In other words,

fp = (p modr) € (Z/rZ)" = Gal(Q((,)/ Q).

Clearly, p splits completely in K if and only if f, € H. So, we need to find when
fp lies in H. In order to do it, notice that

H={0%" |0 € Gal(Q(¢)/Q) = (Z/rZ)*}.

This implies that f, lies in H if and only if p mod r is a 2"th power in Z/rZ = F,
completing the proof of (0).
Assertions (i) and (ii) follow from Theorem 1.6 combined with (0). O

Proof of Corollary 1.8. In the notation of Corollary 1.14, this is the case when
m =1 and 2" = r — 1. By little Fermat’s theorem, every nonzero a € Z/rZ satisfies

Now the desired result follows readily from Corollary 1.14. ]

Acknowledgements. I am grateful to Ley Watson for an interesting stimulating
question [8].
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